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ABSTRACT 
We characterize normal matrices by logarithmic convexity of the singular values 
of their exponential groups. 
We consider linear operators on a finite dimensional complex Hilbert 
space, with the corresponding operator norm. It is well known that an 
operator A is self-adjoint if and only if l]ei’*]] = 1 for all real t. In this paper, 
we shall show that the larger class of normal operators can be characterized 
by suitable convex properties of the exponential group. For the sake of 
completeness, we start with a simple proof of a local version due to S. 
Friedland [3]. 
THEOREM 1. Let A be a linear operator on a finite dimensional Hilbert 
space. Then A is normal if and only if log 1) etAx]] is convex on the real line for 
every vector x. 
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Proof. If A is normal, then the continuous function f,(t) = log ]]efAr]] 
satisfies 
t, + t, A(+ fJt1> + f,(t,) 2 ) 
which can be easily verified by a direct calculation using the Cauchy-Schwarz 
inequality. Hence f, is convex. 
Conversely, if all the functions f, are convex, then the function 
log lIetAll = sup{f,( t) : llxll < I} 
is also convex. Applying this to the midpoint of [O,Z], we get 
lIeAll < Ile”“ll’/” =G lIeAll. 
Consequently, 
lIeAll = lle2All. 
By induction and the spectral radius formula we obtain 
lIeAll = r(e*), 
where r denotes the spectral radius. By the main theorem of M. Goldberg 
and G. Zwas [4, p. 4281, there is an orthogonal decomposition of the 
underlying space H = H,@ H,, which reduces the operator e A to a normal 
part on H,. Repeating the same argument on H, and so on, we conclude that 
e* is normal on H. hence A also. n 
REMARK. Instead of using the result of Goldberg and Zwas it is possible 
to use basic properties of the numerical range [l, Theorems 3.4, 10.10; 21. 
We number the eigenvalues of A so that IA,(A)] > [h,(A)1 > ... z 
IA,(A)], where n is the dimension of the underlying Hilbert space. The 
singular values of A are then defined by sj(A) = Aj((A*A)+), j = 1,2,. . . , n. 
TIEORESI 2. A linear operator A on un n-dimensional Hilbert spuce is 
normal if and only if the functions log s,j(et”) are convex on the real line for 
j=1,2 ,...,n. 
CHARACTERIZATION OF NORMAL MATRICES 
Proof. If A is normal, then we have 
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sj(etA)=(Aj(etA)I 
for j = 1,2,..., n; see [5, condition 581. But 1 hJ(etA) 1 coincides with the 
spectral radius and the norm of the normal operator et* restricted to an 
appropriate invariant subspace, which is independent of t. So by a part of the 
proof of Theorem 1, the functions log sj(e’“) are convex on the real line. 
Conversely, if the functions log Sj(efA) are convex, we obtain, as in the 
proof of Theorem 1, the .inequalities 
sj( e*) < s.j( e2A)1’2 < .* . < sj( yz”n)“‘” < . *. , 
where j= 1,2,..., n. This increasing sequence converges to Ihj(e*)i by T. 
Yamamoto [6, Theorem 11. H. Weyl’s multiplicative inequalities [6, Corollary 
on p. 1761 then imply I Aj(eA)l = s,i(eA>, for j = 1,2,..., n. This means that 
eA is normal by [5, condition 581. Hence A is normal as well. n 
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